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Abstract—The fractional frequency transmission system is an
emerging technology for long-distance wind power integration,
and the modular multilevel matrix converter (M3C) is the keen
equipment. Since the M3C directly connects two ac grids with
different frequencies, the external and internal harmonics have
complex coupling relationships with a unique dual-fundamental-
frequency spectrum, which has not been properly investigated
due to a lack of an effective method. To address this issue,
a novel harmonic state-space method is proposed to achieve
comprehensive modelling of the harmonic dynamics of the M3C.
Based on the principle of two-dimensional Fourier transform,
the decomposition of the dual-fundamental-frequency harmonics
is realized, and the multiplicative coupling between time-domain
variables is modelled through double-layer convolution on the
frequency domain. Besides, the general expression of the pro-
posed method is provided, which highlights a modularized matrix
with easy scalability to meet different truncation requirements.
Then, the HSS model of M3C considering the close-loop control
is established, based on which a panoramic harmonic coupling
relationship between the system- and the low-frequency side
is concluded. Finally, the M3C model and harmonic coupling
relationship are validated by simulation tests conducted in
MATLAB/Simulink environment.

Index Terms—Harmonic state-space, harmonic transmission,
modular multilevel matrix converter.

I. INTRODUCTION

THE Fractional Frequency Transmission System (FFTS),
which is usually referred to as low-frequency ac trans-

mission, is an emerging solution to long-distance offshore
wind farms [1], [2]. The principle of FFTS is to boost the
transmission capacity, efficiency, and distance of ac submarine
cables [3] by lowering the power frequency, e.g., from 50 or
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60 Hz to 50/3 or 20 Hz. The frequency converter is the most
important equipment in the FFTS. The Modular Multilevel
Converter technology is favored to meet the high-voltage and
bulky-power power conversion requirements, and the modular
multilevel matrix converter (M3C) proposed in [4] is generally
recognized as the most promising topology due to higher
efficiency, reliability, and economy performance [5]–[7].

Due to its considerable application potential, modelling and
control of the M3C have been intensively investigated in
the past years. Compared with the AC/DC MMC, the M3C
has a more complex nine-arm topology that connects two
AC systems with distinct frequencies [4], which makes its
internal dynamics extremely complex. To handle the topolog-
ical challenge, the double αβ0 transformation is a popular
method for circuit analysis of the M3C, which successfully
separates the system-side, low-frequency-side (LF-side) and
inner circulating electrical quantities [8], [9]. Based on the
double αβ0 transformation, subsequent research proposed
the decoupled control strategies [10]–[12], including capac-
itor voltage balancing control, grid-tied power control, and
circulating current suppression, etc. On the other hand, the
fundamental-frequency voltage and current from the input-
and output-sides will couple with each other inner the M3C
circuit, generating a series of SM capacitor voltage ripples
and arm current harmonics [13], [14]. These ripple/harmonic
series follow a unique dual-fundamental-frequency spectrum
centering two AC grid frequencies. Since the double-αβ0
transformation is less straightforward in the description of the
multiplicative coupling between variables among the arms,
literature [15] proposed the two-dimensional (2-D) phasor
method to achieve fast determination of the characteristics of
high-order inner-M3C electrical variables.

Although the M3C is claimed to be capable of decoupled
operation on the system side and the LF-side, the controller
is designed under the ideal grid assumption [10]–[12], i.e.,
the system- and LF-side three-phase grids only contain the
fundamental-frequency positive-sequence voltages and cur-
rents. Therefore, the so-called “decoupled operation capabil-
ity” is specifically suitable for the ideal grid conditions. Nev-
ertheless, in the field, the power grid is undergoing continuous
perturbations that inevitably introduce background harmonics,
especially for modern power grids with high power-electronics
penetration ratio [16], [17]. These background harmonics will
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break the ideal boundary conditions of the M3C, cause changes
in inner-coupling characteristics and finally, may arouse addi-
tional grid-tied harmonics on both sides that deteriorate power
quality and threaten the power safety [18].

However, this harmonic coupling mechanism and character-
istics of the M3C are rarely discussed in existing research. In-
vestigation towards this issue requires comprehensive tracking
of the coupling relationship between the external and internal
electrical quantities, which can be extremely challenging con-
sidering the dual-fundamental-frequency spectrum of the M3C.
The dynamic phasor [19], [20] and Harmonic State-Space
(HSS) method are common methods for similar scenarios such
as inner dynamic modelling of the AC/DC MMC [21]–[23],
which decomposes the time-varying model of sub-module
(SM) capacitor voltage and arm current into series non-time-
varying models of their Fourier coefficients. Nevertheless,
the conventional methods are designed for regular systems
with single-fundamental-frequency, and not suitable for the
dual-fundamental-frequency harmonic spectrum of the M3C.
Besides, a small-signal model with closed-loop control is
developed [24], and subsequent steady-state harmonic analysis
is performed in [13], which also adopts the principles of
the Fourier series. However, the research assumes that the
frequency ratio is constant 3:1 (60 Hz for the main grid
and 20 Hz for the low-frequency grid) so that 20 Hz can
be selected as the common fundamental frequency, which is
over-simplified considering the routine frequency fluctuation
of power grids.

To address this issue, an improved HSS method is proposed
for the dual-fundamental-frequency characteristics of M3C.
Based on the principles of the two-dimensional Fourier trans-
form, the decomposition of the dual-fundamental-frequency
ripple/harmonic is realized, and the multiplicative coupling on
the time domain is modelled through double-layer convolution
on the frequency domain, which effectively solves the inner-
dynamics modelling problem of M3C. Besides, the proposed
method also highlights its modularized matrix structure, which
provides easy scalability to meet different model truncation
requirements. Then, the HSS model of M3C considering the
close-loop control is established, based on which a panoramic
harmonic coupling relationship between the system- and LF-
side is concluded. Finally, the M3C model and harmonic cou-
pling relationship are validated by simulation tests conducted
in MATLAB/Simulink environment.

Compared with the existing research, the main contributions
of this paper are provided as follows:

1) The improved method realizes the decomposition of the
dual-fundamental-frequency component in the two frequency
dimensions based on the principle of the two-dimensional
Fourier transform, , and there is no need to consider the ratio
relationship between two frequencies, which can effectively
realize the mathematical description of the high-order dynamic
process the internal of M3C, and clearly depict the cross-
coupling process between the state variables of different
frequencies and different phase sequences, and depict the
influence of its output characteristics;

2) The proposed method can extend the conventional HSS
method for a single fundamental frequency system to the dual

fundamental frequency coupling scenario of M3C, which can
realize the linearization and contactization of the M3C model.
Then the small-signal stability of the system can be analyzed
by the linear control theory, which can lay the foundation for
the resonance stability analysis of the FFTS based on M3C.

The rest of the paper is organized as follows. Section II pro-
poses the improved HSS modelling method with generalized
expressions; Section III introduces the M3C configuration and
develops the HSS model considering the close-loop control;
Section IV reveals the harmonic coupling relationship between
the external and the inner dynamics of M3C. Section V verifies
the correctness of the modelling method and established
model based on MATLAB/Simulink simulations; Section VI
concludes the paper.

II. AN IMPROVED HSS METHOD BASED ON
TWO-DIMENSIONAL FOURIER TRANSFORM

A. Fundamentals of HSS Method

The HSS method is based on the fundamental theories
of linear time-periodic (LTP) systems and harmonic balance,
whose core idea is to convert the time-domain multiplication
into the frequency-domain convolution [25], [26].

Assume the existence of an arbitrary LTP system:{
ẋ(t) = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t) + D(t)u(t)
(1)

where x(t), u(t), and y(t) are state, input and output vari-
ables, respectively; A(t), B(t), C(t), and D(t) are time-
periodic coefficient matrices of the corresponding variables.

x(t) = est
∞∑

h=−∞

xhejhω0t (2)

xh =
1

T0

∫ t

t−T0

x(t)e−jhω0t (3)

where est is an exponential periodic modulated function; ω0

denotes the fundamental angular frequency; xh is the hth-
order Fourier coefficient of x(t). In addition, u(t) can also be
expressed in the form of (2) and (3).

On the other hand, the coefficient matrices, namely A(t),
B(t), C(t), and D(t), can also be expressed by their Fourier
series:

A(t) =
+∞∑

h=−∞
Ahejhω0t B(t) =

+∞∑
h=−∞

Bhejhω0t

C(t) =
+∞∑

h=−∞
Chejhω0t D(t) =

+∞∑
h=−∞

Dhejhω0t

(4)

By substituting the vectors and matrices in Fourier series
form into (1), and the equation for each component can be
derived as:

(s+ jnω0)xn =
∑
m∈Z

An−mxm +
∑
m∈Z

Bn−mum

yn =
∑
m∈Z

Cn−mxm +
∑
m∈Z

Dn−mum
(5)
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The HSS model can be obtained by assembling all the sub-
models of frequency components within hth-order truncation
in the following form:{

sX = (Γ(A)−N)X + Γ(B)U

Y = Γ(C)X + Γ(D)U
(6)

where X , Y and U represent the harmonic coefficients of
x(t), y(t) and u(t), respectively; Taking X as an example,
the general expression is:

X = [xT
−h, · · · ,xT

−1,x
T
0 ,x

T
1 , · · · ,xT

h ]T (7)

Therefore, the convolution coupling relationship is shown
in Fig. 1. Γ(A), Γ(B), Γ(C) and Γ(D) are Toeplitz matrices
composed of the Fourier coefficients of A(t), B(t), C(t)
and D(t). Take (A) as an example, the generalized form of
Toeplitz matrix is expressed by (8);

Γ(A) =


A0 · · · A−h · · · O

...
. . .

...
. . .

...
Ah · · · A0 · · · A−h

...
. . .

...
. . .

...
O · · · Ah · · · A0


a((2h+1)×(2h+1))

(8)

where the subscript represents the matrix size; a represents the
number of state variables in the LTP system; the submatrix
Ak(k ∈ [−h, h]) is the kth-order Fourier coefficient of A(t);
O is the zero matrix.

convolutional
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Fig. 1. HSS model convolution relationship.

N is a diagonal matrix containing the frequency domain
information.

N = diag(−jhω0I, · · · ,−jω0I,O, jω0I, · · · , jhω0I) (9)

where I denote the identity matrix of the same order with
x(t).

B. Inapplicability of the Conventional HSS Method in Dual-
Fundamental-Frequency Scenarios

The conventional HSS modelling method is applicable for
most cases because systems with one single fundamental
frequency are most common. In these cases, the time-domain
signal can be transformed into the superposition of a series

of frequency components with the integral multiple of the
fundamental frequency.

However, if another fundamental-frequency series exists, to
establish the HSS model, the greatest common divisor (GCD)
of the two fundamental frequencies should be selected as the
common fundamental frequency. Fig. 2(a) shows the selec-
tion of GCD fundamental-frequency (fGCD) for typical two
fundamental-frequency systems. In cases 1, 2 and 3, the first
fundamental frequency is 50 Hz, while the second fundamental
frequency is 20 Hz, 50/3 Hz and 19 Hz, respectively, to mimic
potential fluctuation in power systems. Consequently, fGCD

equals 10 Hz, 50/3 Hz and 1 Hz, respectively.
Although the HSS model can still be established, this solu-

tion will arouse several problems that hinder further analysis.
The first problem is the rapidly growing model scale. In
cases 1, 2 and 3, the 50 Hz component locates on the 5th-
, 3rd- and 50th-order, respectively. The model order must
become much larger if a suitable fGCD cannot be found [27].
Another more serious problem is the varying model structure.
The distribution of the frequency series will change under
different fGCD, which alters the model structure. Considering
that frequency fluctuation is common in power systems, it is
difficult to establish a conventional HSS model to cover all
scenarios.

C. Improved HSS Method Based on Two-Dimensional Fourier
Transform

To address this issue, an improved HSS method is proposed
based on the principle of the two-dimension Fourier transform.
For a time-domain dual-fundamental-frequency periodic state
matrix x(t), it can be expressed by the two-dimension Fourier
series as:

x(t) =

+∞∑
k1=−∞

+∞∑
k2=−∞

Xk1,k2estej(k1ω1+k2ω2)t (10)

where ω1 and ω2 are the fundamental frequencies of two
independent AC systems, respectively; Xk1,k2 is the two-
dimensional Fourier coefficient, and k1 and k2 are the orders
to the corresponding fundamental frequencies, respectively.

Figure 2(b) shows the distribution of frequency components
under two-dimension Fourier decomposition. The components
are now distributed on the fS − fL panel instead of a single
axis. The varying second fundamental frequency in cases 1,
2 and 3 is simply represented by different fL, which also
avoids the changing model structure problem. The model order
will not increase too much. Consequently, this method can
achieve more reasonable component decomposition of double-
fundamental-frequency signals and thereby, can realize the
independent, flexible, and adjustable modelling for the double-
fundamental-frequency systems.

By substituting (10) into (1), the state-space equation of the
(kth

1 , kth
2 )-order dual-fundamental-frequency coefficient can be

obtained:

(s+ jk1ω1 + jk2ω2)xk1,k2 =∑
m∈Z

∑
l∈Z

Ak1−m,k2−lxm,l
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Fig. 2. Distinctive of one-dimensional and two-dimensional for dual-fundamental-frequency system. (a) One-dimensional modelling. (b) Two-dimensional
modelling.

+
∑
m∈Z

∑
l∈Z

Bk1−m,k2−lum,l

yk1,k2 =
∑
m∈Z

∑
l∈Z

Ck1−m,k2−lxm,l

+
∑
m∈Z

∑
l∈Z

Dk1−m,k2−lum,l (11)

In addition, the unified harmonic order h for a dual-
fundamental-frequency system is defined as:

h , |k1|+ |k2| (12)

and the hth-order truncated model contains all the harmonic
components of {(k1, k2)||k1| + |k2| ≤ h}. Consequently, the
area covered by the hth-order truncated model is a lozenge on
the k1–k2 panel, as is presented in Fig. 3.

In the proposed modelling method, the two-fundamental-
frequency HSS model shares the generalized formation of that

in (6), which is expressed as:{
sXdf = (Adf −Ndf)Xdf + BdfUdf

Ydf = CdfXdf + DdfUdf

(13)

where the subscript df represents the dual-fundamental-
frequency HSS model.

Nevertheless, the structure of the vectors and matrices are
different to fit the dual-fundamental-frequency spectrum. The
vectors, namely Xdf , Udf and Ydf , share the same structure.
Taking Xdf as an example, the general expression for Xdf is
expressed by:

Xdf = [xT
−h,(:) · · · xT

−1,(:) xT
0,(:) xT

1,(:) · · · xT
h,(:)]

T

(14)

where xn,(:)(n ∈ [−h, h]) represents the assembly of coeffi-
cients with the same order of n on the ω1 dimension ranging
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Fig. 3. Diagram of the coefficients included in the hth-order truncated model.

from xn,−(h−|n|) to xn,(h−|n|), including [2(h − |n|) + 1]
elements. In Fig. 3, xn,(:) denotes all the truncated elements
on the same row intercepting at k1 = n. Therefore, xn,(:) can
be further expanded as:

xn,(:) =

[xT
n,−(h−|n|) · · · xT

n,−1 xT
n,0 xT

n,1 · · · xT
n,(h−|n|)

T
]︸ ︷︷ ︸

size:[(2h−2|n|+1)a]×1

(15)

where the size of xn,(:) is marked below with a representing
the dimension of x(t). Consequently, the size of Xdf can be
calculated as [(2h2 + 2h+ 1)a]× 1. In addition, Udf and Ydf

also share the structure defined by (14) and (15).
The matrices, namely, Adf , Bdf , Cdf and Ddf , also share

the same structure. The double-layer convolution can be also
represented by the double-layer Toeplitz matrices obtained via
dual expansions on the ω1 and ω2 dimensions. Taking Adf as
an example, the first-layer expansion is expressed by:

Adf =



A
(−h)
0,(:) · · · A

(−h)
−h,(:) · · · O

...
. . .

...
. . .

...
A

(0)
h,(:) · · · A

(0)
0,(:) · · · A

(0)
−h,(:)

...
. . .

...
. . .

...
O · · · A

(h)
h,(:) · · · A

(h)
0,(:)


︸ ︷︷ ︸

size:(2h2+2h+1)a×(2h2+2h+1)a

(16)

where A
(p)
n,(:)(n, p ∈ [−h, h]) represents the state-transition

matrix on the ω1 dimension, while p symbolizes the ω2-
dimension sequences unexpanded in the two-dimensional
framework. Although (16) and (8) have similar structures, the
sub-matrices in (16) have different sizes due to the varying
length of xn,(:)(n ∈ [−h, h]). The submatrix A

(p)
n,(:) connects

xp−n,(:) to sxp,(:), i.e.:

sxp,(:)︸ ︷︷ ︸
(2h−2|p|+1)a×1

← A
(p)
n,(:)︸ ︷︷ ︸

(2h−2|p|+1)a
×(2h−2|p−n|+1)a

· xp−n,(:)︸ ︷︷ ︸
(2h−2|p−n|+1)a×1

(17)

Consequently, the size of A
(p)
n,(:) is determined by both p

and n, and will change in different rows. By substituting (14)
into (17), A(p)

n,(:) can be further expanded as:

A
(p)
n,(:) =
An,(|p|−|n−p|) · · · Ak1,−(h−|p|) · · · O

...
. . .

...
. . .

...
An,(h−|n−p|) · · · An,0 · · · An,−(h−|n−p|)

...
. . .

...
. . .

...
O · · · An,(h−|p|) · · · An,−(|p|−|n−p|)


(18)

where Ak1,k2 denotes the (kth
1 , k

th
2 )-order coefficient of A(t).

In addition, Ndf can be expressed by:

Ndf = diag(N−h,(:) · · · N−1,(:) N0,(:)

N1,(:) · · · Nh,(:)) (19)

where Nn,(:), n ∈ [−h, h] represents the coefficients on the
ω1 dimension, which shall be further expanded on the ω2

dimension:

Nn,(:) = diag(j(nω1 − (h− |n|)ω2)I, · · · , j(nω1 − ω2)I,

jnω1I, j(nω1 + ω2)I, · · · , j(nω1 + (h− |n|)ω2)I)
(20)

III. HSS MODEL OF M3C CONSIDERING CLOSE-LOOP
CONTROL

A. M3C Configuration

For simplified description, in the rest of this paper, i
will represent any phase-terminal of the LF-side, i.e., phase-
terminal a, b, and c; while j will represent any phase-terminal
of the system-side, i.e., phase-terminal u, v, and w.

Figure 4 shows the configuration of M3C. The M3C contains
nine arms to achieve full connection between the phase-
terminal groups {a, b, c} and {u, v, w}. Each arm is named
according to the terminals at its two ends, such as arm au,
bw, cv, etc, which contains n series-connected full-bridge



LI et al.: A NOVEL HARMONIC STATE-SPACE MODELLING METHOD ON THE MODULAR MULTILEVEL MATRIX CONVERTER AND COUPLING ANALYSIS 83

vn
−

ea

−

eb

−

ec

−

eu iu

icibia

vC

−

vau

−

vav

−

vaw

−

vbu

−

vbv

−

vbw

−

vcu

−

vcv

−
vcw

ibuiau icu

ibviav icv

ibwiaw icw

S1

S2

S3

S4

iv

iw

−

ev
−

ew
−

system-side

(50Hz grid)

LF-side

(50/3 Hz or 20 Hz grid)full-bridge submodule

Fig. 4. Configuration of M3C.

SMs (FBSMs) and an inductor L. Ignoring the SM capacitor
voltage variance, each FBSM stack can output (2N+1) voltage
levels ranging from −NvC to NvC according to the received
modulation signal, where vC is the SM capacitor voltage and
N is the number of FBSMs.

B. Single-Arm HSS Model of M3C

This paper is focused on the modelling of M3C under
balanced grid conditions, while its modelling under unbal-
anced grid conditions is left for future research. Due to the
symmetry of both the circuit topology of M3C and the external
conditions, only the model of arm au is established to reduce
the model scale as well as the computation burden.

Based on Kirchhoff Voltage Law (KVL), the circuit equation
of M3C single-arm au can be established as:

diau

dt
=

1

L
(eu − vau − ea − vn −Riau) (21)

where eu, ea, are the voltages of phase-terminal u and a,
respectively; iau, vau are the arm current and SM-stack output
voltage of arm au, respectively; L, R is the arm of inductance
and resistance, respectively; vn is the voltage between the
neutral points of the two sides; If the zero-sequence grid
voltages on both sides are negligible, vn equals the average of
the arm output voltages:

vn = −1

9

j∈u,v,w∑
i∈a,b,c

vij (22)

Considering the inner-arm FBSM energy balancing control,
the capacitor voltages in the same arm are assumed equal for
simplicity. Under this assumption, the single-arm voltage of
M3C can be described as:

vau = NmauvCau (23)

where mau and vCau are arm modulation signal and average
SM capacitor voltage of arm au, respectively.

In addition, by ignoring the parameter deviation between
the submodules, the dynamic of the SM capacitor voltage can
be expressed as:

dvCau

dt
=

1

C
mauiau (24)

where C is the SM capacitance.
Based on (21)–(24), the state-space model of the single-

arm au of M3C can be established by utilizing vCau and iau

as the state variables, eu and ea as the input variables, which
is expressed as:

sxorg
cqt(t) = Aorg

cqt(t)x
org
cqt(t) + Borg

cqt (t)uorg
cqt(t) (25)

where the subscript cqt represents the single-arm circuit
model; the superscript org represents the original mathematical
model before the HSS expansion.

xorg
cqt(t) = [vCau(t) iau(t)]T, uorg

cqt(t) = [eu(t) ea(t)]T (26)

Aorg
cqt(t) =

[
0 mau(t)

C

−Nmau(t)
Leq

− R
Leq

]
, Borg

cqt (t) =

[
0 0
1
Leq

− 1
Leq

]
(27)

To facilitate subsequent analysis, the model needs to be
further linearized around the steady-state operation point. The
small-signal models of the M3C can be expressed as follows:

∆ẋorg
cqt(t) = AorgS

cqt ∆xorg
cqt(t) + BorgS

cqt ∆uorg
cqt(t)

+ ∆Aorg
cqt(t)x

orgS
cqt (28)

where the superscript S represents the steady-state value of
the corresponding variable; ∆ represents the small-signal
disturbance near the steady-state value. The third term
∆Aorg

cqt(t)x
S
cqt is used to model the effect of the control system

on the modulation signals during disturbance.
To maintain cohesion with the control system model, the

third term in (28) is rewritten as the small-signal expression:

∆Aorg
cqt(t)x

orgS
cqt = W orgS

ctl ∆yctl(t) (29)

W orgS
ctl =

[
iSau

C
−Nv

S
Cau

Leq

]T

, ∆yctl(t) = ∆mau(t) (30)

where the subscript ctl represents the model of control system;
∆yctl denotes the modulation signals.

In the steady state is an LTP system, and vC and iau

are periodically time-varying making it difficult to carry out
further investigation.

In this regard, the HSS modelling method transforms (28)
into a Linear time-invariant (LTI) model. Based on the dual-
fundamental-frequency HSS model can be established via the
method in proposed Section II, which is expressed as:

s∆Xcqt = (AS
cqt −Ncqt)∆Xcqt + BS

cqt∆Ucqt

+ W S
ctl∆Yctl (31)

where the mathematical forms of ∆Xcqt, ∆Ucqt and ∆Yctl

are the same as in (14) and (15), and the nth-order submatrices
are shown in (26), respectively:

∆xcqt,(k1,k2) = [∆vCau(k1,k2) ∆iau(k1,k2)]
T

∆ucqt,(k1,k2) = [∆eu(k1,k2) ∆ea(k1,k2)]
T
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∆yctl,(k1,k2) = ∆mau(k1,k2) (32)

AS
cqt,W

S
cqt, and BS

cqt are of the formation shown in (18),
and the (kth

1 , k
th
2 )-order submatrices are shown in (33)–(35),

respectively:

AS
cqt,(k1,k2) =

[
0 mS

au,(k1,k2)/C

0 −R/Leq

]
(k1 = 0&k2 = 0)[

0 mS
au,(k1,k2)/C

−NmS
au,(k1,k2)/Leq 0

]
(k1, k2 6= 0)

(33)

W S
ctl,(k1,k2) =


[
iSau,(k1,k2)/C 0

]T
(k1 = 0&k2 = 0)[

iSau,(k1,k2)/C

−NvS
Cau,(k1,k2)/Leq

]
(k1, k2 6= 0)

(34)

BS
cqt,(k1,k2) =


1
Leq

[
0 0

1 −1

]
(k1 = 0&k2 = 0)

O2×2, (k1, k2 6= 0)

(35)

where O2×2 represents a 2 × 2 zero matrix; Leq represents
the equivalent inductance of the arm current determined by the
flowing path of specific current component. The arm current
can be divided into four categories [15]:

1) the system-side-tied or LF-side-tied, whose Leq = L/3;
2) the circulating components whose Leq = L;
3) the zero-sequence flowing-through component, whose

Leq =∞ due to blocked zero-sequence current path.

C. HSS Modelling of the M3C Control System.

Figure 5 shows the block diagram of the control system
of M3C. The control system of M3C generally follows the
classic architecture of the voltage source converter. The hi-
erarchy structure is generally utilized containing three links:
the outer loop, inner loop, and modulation. The outer loop is
responsible for regulating the input and output reactive power
while maintaining the long-term energy balance, which outputs
the current reference for the inner loop. The inner loop is
responsible for controlling the current to track the reference
value issued by the outer loop and outputting the desired
arm voltages to the modulation link, which can be divided
into three parts: system-side current control, LF-side current
control and circulating current suppression. The modulation
link is responsible for generating the trigger signal of each
submodule. This paper is focused on the harmonic character-
istics below 300 Hz, and the dynamic of the modulation link
is fast enough to be ignored. Consequently, only the outer loop
and inner loop are considered.
1) Outer Loop

Without any loss of generality, the system side is set to
maintain the energy balance of the M3C and regulate the
reactive power. In contrast, the LF-side is set to regulate the
active and reactive power. The outer loop control equations
can be expressed as:[

iref
Sd

iref
Sq

]
=

(
KP So +

KI So

s

)[
vref

C − vC00

Qref
S −QS

]
(36)[

iref
Ld

iref
Lq

]
=

(
KP Lo +

KI Lo

s

)[
P ref

L − PL

Qref
L −QL

]
(37)

V ref 
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−
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Fig. 5. Overview of the control system of M3C.
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where the superscript ref represents the reference value of
the corresponding variable; KP So and KI So represents the
PI gain of the outer loop controller on the system side,
respectively; KP Lo and KI Lo represents the PI gain of
the outer loop controller on the LF-side, respectively; QS,
PL, and QL represents the reactive power output on system-
side, the active power and reactive power output on LF-side,
respectively.
2) Inner Loop

The inner loop can be divided into system-side, LF-side
current controller, and circulating current suppression con-
troller (CCSC). In terms of the former two controllers, the
M3C has similar current dynamics on both sides, and the grid-
tied current is controlled under the corresponding synchronous
frame. The control equation is expressed by:[

vref
Sd

vref
Sq

]
=

(
KP Si +

KI Si

s

)([
iref
Sd

iref
Sq

]
−
[
iSd
iSq

])
+

[
eSd

eSq

]
+
ωSL

3

[
iSq
−iSd

]
(38)[

vref
Ld

vref
Lq

]
=

(
KP Li +

KI Li

s

)([
iref
Ld

iref
Lq

]
−
[
iLd
iLq

])
+

[
eLd

eLq

]
+
ωLL

3

[
iLd
−iLq

]
(39)

where vref
Sd /v

ref
Sq and vref

Ld/v
ref
Lq represents the output of the

inner current loop controller on the system and LF-side,
respectively; iref

Sd /i
ref
Sq and iref

Ld/i
ref
Lq represents the output of the

outer loop controller on the system and LF-side, respectively;
iSd/iSq and iLd/iLq represents the feedback current of the cor-
responding grid-connected circuit, respectively; KP Si/KP Li

and KI Si/KI Li represents the PI gain of the inner loop
controller.

On the contrary, the CCSC is placed on the double-αβ0
stationary frame. The circulating current components can be
extracted via the double-αβ0 transformation:iαα iβα i0α

iαβ iββ i0β
iα0 iβ0 i00

 = Tαβ0

iau ibu icu

iav ibv icv

iaw ibw icw

TT
αβ0 (40)

where iαα, iβα, iαβ , and iββ denote the circulating current
components. Due to the many frequency components in iαα,
iβα, iαβ , and iββ , as well as the strong coupling effect between
them, the CCSC utilizes the proportional control to achieve
wide spectrum circulating current suppression, i.e.:[

vref
αα vref

βα

vref
αβ vref

ββ

]
= −KCCSC

[
iαα iβα
iαβ iββ

]
(41)

where KCCSC represents the proportional gain of the CCSC.
Similarly, the voltage references on the dq frame are con-

verted back to the double-αβ0 frame via:[
vref
α0

vref
β0

]
= T−1

dq,ωS

[
vref

Sd

vref
Sq

]
,

[
vref

0α

vref
0β

]
= −T−1

dq,ωL

[
vref

Ld

vref
Lq

]
(42)

The voltage references on the double-αβ0 frame are finally
converted back to the individual arm voltage references via:

vref
au vref

bu vref
cu

vref
av vref

bv vref
cv

vref
aw vref

bw vref
cw

 = T−1
αβ0

vref
αα vref

βα vref
0α

vref
αβ vref

ββ vref
0β

vref
α0 vref

β0 vref
00

 (T−1
αβ0)T

(43)

where vref
xy represents the voltage reference in arm xy.

At last, the modulation signals can be expressed as:mau mbu mcu

mav mbv mcv

maw mbw mcw

 =
1

nvref
C

vref
au vref

bu vref
cu

vref
av vref

bv vref
cv

vref
aw vref

bw vref
cw

 (44)

3) HSS Model of the M3C Controller
Based on (36)–(44) and linearization, the small-signal model

of the M3C controller can be established as:

s∆xctl = Actl∆xctl + [Bctl1 Bctl2 Bctl3]

∆uctl1

∆uctl2

∆uctl3


∆yctl = Cctl∆xctl + [Dctl1 Dctl2 Dctl13]

∆uctl1

∆uctl2

∆uctl3


(45)

where ∆xctl denotes the state variables of the outer/inner
loops; the input vector ∆uctl is divided into three parts to
facilitate further derivation: ∆uctl1 for the reference values
of SM capacitor voltage and grid-side powers, ∆uctl2 for
the boundary grid voltages, and ∆uctl3 for the measured
arm currents and SM capacitor voltages. Correspondingly, the
coefficient matrices of ∆Bctl and ∆Dctl are also divided.

Similarly, the (45) is expanded via the proposed hold. All
the vectors and matrices share the dual-expanded HSS format
as shown in (14) to (18). The bottom sub-vectors and sub-
matrices can be derived based on the time-domain control
equations.

∆xctl(k1,k2) = [∆x1(k1,k2) ∆x2(k1,k2) ∆x3(k1,k2)

∆x4(k1,k2)]
T

(46)

∆uctl1(k1,k2) ={
[vref

C Qref
S P ref

L Qref
L ]T, k1 = 0&k2 = 0

O4×1, otherwise

(47)

∆uctl2(k1,k2) = ∆ucqt,(k1,k2) (48)
∆uctl3,(k1,k2) = ∆xcqt,(k1,k2) (49)

Subsequently, by combining (45) and (31), Fig. 6 shows
the detailed integrating process of circuit model and control
model; the HSS model of single-arm au with close-loop
control can be established as:[

s∆Xcqt

s∆Xctl

]
=[

AS
cqt −Ncqt + W S

ctlDctl3 W S
ctlCctl

Bctl3 Actl −Nctl

] [
∆Xcqt

∆Xctl

]
+

[
BS

cqt + W S
ctlDctl2 W S

ctlDctl1

Bctl2 Bctl1

] [
∆Ucqt

∆Uctl1

]
(50)

which is further abbreviated as:

s∆Xsyn = Asyn∆Xsyn + Bsyn∆Usyn (51)
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Fig. 6. The schematic diagram of integrating circuit model and control model.

where the subscript syn represents the M3C HSS model
considering the closed-loop controller.

IV. HARMONIC COUPLING ANALYSIS

The dual-expanded small-signal HSS model can be uti-
lized in a variety of research, such as impedance modelling,
stability research, etc. This paper is focused on the steady-
state harmonic coupling characteristics between the system
side and the LF-side. The small-signal HSS model of M3C
includes the panoramic coupling information between all the
frequency components inner and out of M3C, and to analyze
the harmonic coupling characteristics of the boundary and
internal variables, the MIMO harmonic transmission function
is established.

Firstly, the output of the model is selected as all the
frequency components contained in iau and vCau, i.e.:

∆Ysyn = Csyn[∆Xcqt ∆Xctl]
T (52)

Csyn =

[
diag(1 · · · 1 · · · 1) Ocqt

OT
cqt Octl

]
(53)

Then, the harmonic transfer function H can be established
as:

H = Csyn(sI −Asyn)−1Bsyn (54)

By letting s = 0 in (54), the harmonic admittance matrix
between the M3C arm current harmonics and the grid-side
voltages on the steady-state can be obtained. In the obtained
matrix, each element denotes the coupling gain between the
corresponding input-output pair. The non-zero elements in
H reflect the harmonic coupling relationship between the
arm current and the external voltages, while the amplitudes
represent the coupling strength.

The M3C with parameters in Table I is utilized as the bench-
mark, and the 5th-order truncated HSS model is established.
Fig. 7(a), (b), (c) and (d) show the harmonic coupling gains
of vCau, iau, iu, ia to ea, respectively, where the x-axis is the
dual-dimensional spectrum following the displacement rule of

TABLE I
PARAMETERS OF THE M3C BENCHMARK

Parameter Value Unit
System-side grid voltage 220 kV
System-side fundamental grid frequency 50 Hz
LF-side grid voltage 220 kV
LF-side fundamental grid frequency 20 Hz
Arm resistance 1 Ω
Arm inductance 10 mH
Rated SM capacitor voltage 3 kV
SM capacitance 3 mF
Number of SMs per arm 150 –
PI gain of average SM capacitor voltage loop [3, 100] –
PI gain of system-side current loop [40, 1000] –
PI gain of LF-side current loop [15, 500] –
PI gain of circulating current loop 300 –

dual-fundamental-frequency vectors shown in (29) and (30),
which is separated into 11 sections according to the order on
the ωS dimension.

It can be concluded from Fig. 7 that:
1) In Fig. 7(a) and (b), the coupling gains are centro-

symmetrically distributed on the dual-fundamental-frequency
panel. This is because the HSS model is derived on the
complex frequency domain, and therefore, the conjugated pair
of elements have identical amplitude.

2) In Fig. 7(a) and (b), given a (0, n∆)-order disturbance
voltage on the LF-side, it will cause (±∆kS, n∆ ± ∆kL)-
order current harmonic, and [±∆kS, n∆ ± (∆kL + 1)]-order
capacitor voltage ripple, where ∆kS, ∆kL = 1, 3, 5, · · · . The
amplitudes tend to become smaller as the harmonic order
increases because the SM capacitance and arm inductance have
a stronger filtering effect at higher frequencies.

3) To investigate the grid-side harmonic coupling charac-
teristics, the components contained in ia and iu are extracted
in Fig. 7(c) and (d), respectively. Therefore, Fig. 7(c) shows
the harmonic coupling relationship on the same side, while
Fig. 7(d) shows the harmonic coupling relationship between
the two sides.

4) In Fig. 7(c), the amplitudes are the largest along the
main diagonal axis and tend to decrease away from it. The
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Fig. 7. Harmonic coupling gains of the M3C. (a) Between vCau and ea. (b) Between iau and ea. (c) Between ia and ea. (d) Between iu and ea.

largest ones correspond to the equivalent impedance, where
the input and output have the same frequency. However, other
elements still have considerable amplitudes, which indicates
that the inner dynamics will arouse cross-frequency harmonic
coupling. That is, given a (0, n∆)-order positive (negative)
sequence disturbance voltage on the LF-side, it will cause the
(0, n∆)-order positive(negative)-sequence current harmonic,
and the (0, n∆± 2)-order negative (positive)-sequence current
harmonic on the LF-side. This conclusion can also be extended
to the system side.

5) Fig. 7(d) shows that an unignorable coupling relationship
exists between the system-side current and LF-side voltage.
Given a (0, n∆)-order sequence disturbance voltage on the
LF-side, it will cause the (±∆kS, n∆ ± ∆kL)-order current
harmonic on the system side. This conclusion can also be
extended to the system side, where n∆ + ∆kL = 3k; k, ∆kS,
∆kL = 1, 3, 5, · · · . This conclusion can also be extended to the
relationship between system-side voltage and LF-side current.

V. SIMULATION VERIFICATION AND DISCUSSION

To verify the correctness and effectiveness of the proposed
method and established model, this section compares the
dynamic and steady-state output results of the established HSS
model (HM) and electromagnetic transient simulation (TM)
model. The results of the two methods are compared in Fig. 8.

Figure 8(a) shows the output results of the HSS model
under different truncation orders and simulation models. The
SM capacitor voltage vCau and the arm current iau are
highly consistent with the electromagnetic transient simulation
results, and the accuracy will become higher with the increase

of the truncation order. To further verify the correctness of
the model, Fig. 8(b) and Appendix present each frequency
component obtained from the HM under different truncation
orders and compare them with their counterparts from the TM.
For the frequency components covered by the model, i.e., the
2fL, 2fS and (fS ± fL) components contained in vCau, and
the fL, fS, (fS ± 2fL) and (2fS ± fL) components contained
in iau, are highly consistent with the TM results. However,
the selection for truncation order will ignore the components
with higher order. For example, the 4th-order and 5th-order
components, such as the (fS±3fL) components in vCau, are
absent in the third order and contribute a considerable part to
the 3rd-order model error.

Figure 8(c) and (d) show the error of the HM relative
to the TM together with spectrum analysis under different
truncation orders. The time-domain relative error of vCau and
iau under different truncation orders is shown in Table II. The
maximum relative error of vCau and iau are 2.84% and 3.11%,
respectively. The errors are mostly truncation errors caused
by uncovered frequency components, as has been analyzed
before. Particularly, the error of the 3rd-order model mainly
consists of the (fS − 3fL) (10 Hz) and (2fS − 2fL) (60 Hz)
components in vCau, and the (2fS− 3fL) (40 Hz), (fS− 4fL)
(110 Hz) and (3fS + 2fL) (190 Hz) components in iau. In
contrast, the error of the 5th-order model mainly consists of
the (2fS−4fL) (20 Hz) component in vCau, and the (3fS−4fL)
(70 Hz) component in iau. However, these errors are signifi-
cantly reduced with the increase in the truncation order. For
example, the 10 Hz error in vCau decreases from 3.56 in the
3rd-order model to 0.10 in the 5th-order model, and 0.03 in the
7th-order model. Tables A3 and A4 in the Appendix provide
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Fig. 8. Voltage and current waveforms. (a) Steady-state wave-forms of various orders. (b) Dominant harmonic amplitudes of various orders. (c) The error
of vCau and iau. (d) The error spectrum of vCau and iau.

TABLE II
ANALYSIS OF vcau’S AND iau’ S ERROR OBTAINED FROM THE HM COMPARED WITH THE TM

1 3 4 5 7
MAE MRE (%) MAE MRE (%) MAE MRE (%) MAE MRE (%) MAE MRE (%)

vCau 87.725 2.84 4.921 0.159 1.657 0.053 0.550 0.018 0.505 0.016
iau 13.117 3.11 2.089 0.498 2.073 0.494 0.511 0.122 0.166 0.039

a much more detailed error spectrum analysis. The frequency
components of the error of the 3rd-order and 4th-order models
are basically not reflected in the 5th-order model. In addition,
compared with the error spectrum of vCau and iau, the lower-
frequency components of vCau are relatively high. The reason
is that the control system of M3C is equipped with a harmonic
circulation suppression loop, which can effectively reduce
the absolute amplitude of lower-frequency harmonic current;
however, there is no corresponding suppression strategy for
the lower-frequency capacitor voltage ripple of submodules. To
conclude, the proposed dual-expanded HSS modelling method
can accurately reflect the internal dynamic characteristics of
M3C under dual-fundamental-frequency electric coupling.

To verify the correctness of the established harmonic trans-
mission matrix further quantitatively, this section injects per-
turbation voltage (16% p.u., 40 Hz) to the LF-side of the

established models. The waveforms from the TM and HM
are shown in Fig. 9(a). It can be seen the HM outputs are
basically matching with the corresponding TM results with
the perturbation voltage. Fig. 9(b) shows comparison results
of the dominant bridge arm voltage ripple, bridge arm current
harmonics and grid-side harmonics extracted from the TM and
the 5th-order HM. When a 40 Hz AC perturbance voltage is
injected into the LF-side, the 40 Hz and 80 Hz components
are the dominant disturbance components on the LF-side.

In contrast, the 10 Hz and 110 Hz components are the
dominant disturbance components on the system side, which
is consistent with the conclusions of Fig. 7. The errors
presented in Fig. 9(b) are mainly due to some frequency
components not covered due to the low truncation order of
the model, such as 20 Hz (2fS−6fL) and 50 Hz (5fS−15fL)
of iu. In addition, due to the dual-fundamental-frequency
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Fig. 9. Waveforms obtained with perturbation. (a) Comparison between steady-state waveforms obtained with TM and HM under perturbation voltage.
(b) Comparison of dominant harmonica amplitudes between steady-state waveforms obtained with TM and HM under perturbation voltage.

coupling characteristics of M3C and the proximity of the
two fundamental frequencies, it will inevitably encounter the
harmonic spectrum overlapping problem; that is, two different
algebraically different frequencies are numerically close to
or even coincide. For example, the 10 Hz component of iu
is the superposition of 4th-order (fS − 3fL) and 17th-order
(5fS−12fL) and many other possible combinations. However,
the 17th-order and other components are not reflected in the
HM, which causes relatively large errors. This is the most
remarkable characteristic that distinguishes M3C from single-
fundamental-frequency scenarios such as regular MMC in
HVDC. More research on the solution to this problem will
be presented in future research.

VI. CONCLUSION

This paper proposes a novel HSS modelling method to
achieve high-order dynamics modelling considering internal
harmonic coupling characters. It reveals the internal harmonic
coupling relationship of M3C and the net-side current har-
monic transmission relationship. The following conclusions
are drawn from this study.

1) The conventional high-order dynamic modelling method
is not suitable for M3C and other AC-AC direct frequency
converter with dual-fundamental-frequency characteristics; the
improved HSS modelling method can effectively solve the
modelling issue of dual-fundamental-frequency characteristic
systems.

2) The comparative results of the electromagnetic transient
simulation under the same parameter show that the established
model can better reflect the dynamic and steady-state charac-
teristics of M3C and verify the correctness of the improved
HSS modelling method.

3) The proposed modelling method can effectively realize
the mathematical description of the high-order dynamic pro-

cess of the internal of M3C, clearly depict the cross-coupling
process between the state variables of different frequencies
and different phase sequences and depict the influence of its
output characteristics.
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